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Abstract
In this paper, we carry out the complete O(αα2s)-order study on the inclusive productions of
Υ(nS) and χb(nP ) (n = 1, 2, 3) via the Standard Model Higgs boson decay, within the framework of
nonrelativistic QCD. The feeddown effects via the higher excited states are found to be substantial.
The color-octet 3S
[8]
1 state related processes consisting of H
0 → bb¯[3S
[8]
1 ] + g and H
0 → bb¯[3S
[8]
1 ] +
Q + Q¯ (Q = c, b) play a vital role in the predictions on the decay widths. Moreover, our newly
calculated next-to-leading order QCD corrections to H0 → bb¯[3S
[8]
1 ] + g can enhance its leading-
order result by 3-4 times, subsequently magnifying the total 3S
[8]
1 contributions by about 40%.
Such a remarkable enhancement will to a large extent influence the phenomenological conclusions.
For the color-singlet 3P
[1]
J state, in addition to H
0 → bb¯[3P
[1]
J ] + b+ b¯, the newly introduced light
hadrons associated process, H0 → bb¯[3P
[1]
J ] + g + g, can also provide non-negligible contributions,
especially for 3P
[1]
2 . Summing up all the contributions, we have BH0→χb(nP )+X ∼ 10
−6 − 10−5
and BH0→Υ(nS)+X ∼ 10
−5 − 10−4, which meets marginally nowadays LHC experimental data and
can help in understanding the heavy quarkonium production mechanism as well as the Yukawa
couplings.
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I. INTRODUCTION
Bottomonium, as the heaviest bound state, has its own advantages comparing to the
charmonium. Due to the large mass of the constituent heavy quarks, both its typical coupling
constant αs and relative velocity v are smaller than those of charmonium. As a result,
the perturbative results over the expansion of αs and v
2 for bottomonium will be more
convergent than the charmonium case, which makes bb¯ mesons an even better place to apply
the nonrelativistic QCD (NRQCD) framework [1].
Among the bottomonium family, the Υ and χb are most studied because the two mesons
can be easily detected by hunting their decaying into lepton pairs1. Earlier studies of Υ
and χb productions can be found in Refs. [2–10] and references therein, where the NRQCD
predictions succeeded in explaining almost all the existing experimental measurements. How-
ever, considering the fact that the color-octet (CO) long distance matrix elements (LDMEs)
that used to well explain the hadroprodution of J/ψ leads to dramatic discrepancies between
the theoretical predictions and the measured total cross sections of e+e− → J/ψ +Xnon−cc¯
from the BABAR and Belle collaborations [11], it is indispensable to take investigations on
the Υ(nS) and χb(nP ) productions in a variety of other processes to further test the validity
and universality of the CO LDMEs.
The Higgs boson decay provides a good chance for the studies on Υ and χb because of
the large number of H0 events at the high energy colliders, e.g., the HL-LHC and HE-LHC
can produce 1.65 × 108 and 5.78 × 108 H0 events each year, respectively [12]. Although
the number of H0 events at the Circular Electron Positron Collider (CEPC) can only reach
up to 1.1× 106 per year [12–14], the “clean” background of CEPC comparing to LHC may
help us to more easily hunt the heavy quarkonium related processes. Pioneering studies
of inclusive Υ and χb productions via H
0 decay can be found in Refs. [12–14]. Qiao
et al. studied the direct (no feeddown contributions) inclusive production of Υ(1S) via
H0 decay, including both color-singlet (CS) and CO contributions [13]. Based on the CS
mechanism, the investigations on the semi-inclusive productions of Υ and χb in association
with a bb¯ pair, H0 → bb¯[3S
[1]
1 ,
3 P
[1]
J ] + b + b¯, were carried out by Liao et al. [14]. Note
that, in addition to the processes in [14], the other CS process, H0 → bb¯[3P
[1]
J ] + g + g,
1 The decay of χb into lepton pair is indirect, χb → Υ+ γ → l
+l− + γ.
2
might also have remarkable contributions to χb production. Moreover, we learned from
the inclusive productions of heavy quarkonium via the Z boson decay that the 3S
[8]
1 state
played a vital role. As shown in our recent work [15], the lowest order process of the 3S
[8]
1
state, Z → QQ¯[3S
[8]
1 ] + g, could receive a remarkable positive NLO QCD correction, which
considerably enhance the NRQCD predictions. It is then natural to wonder whether the
NLO QCD corrections to H0 → bb¯[3S
[8]
1 ] + g can bring a similar significant enhancement
on the LO results, so as to influence the phenomenological conclusions markedly. Besides
the vital sense in the studies on the production mechanism of the heavy quarkonium, the
decay of the Higgs boson into heavy quarkonium is also very helpful for understanding the
electroweak breaking mechanism, especially the Yukawa couplings. In view of these points,
we use NRQCD to have a complete O(αα2s)-order analysis on the inclusive productions of
Υ(1S, 2S, 3S) and χb(1P, 2P, 3P ) via H
0 decay, where all necessary feeddown effects are
included.
The rest of the paper is organized as follows: In Sec. II, we give a description on
the calculation formalism. In Sec. III, the phenomenological results and discussions are
presented. Section IV is reserved as a summary.
II. CALCULATION FORMALISM
Within the NRQCD framework, the decay width of H0 → Υ(χb) +X can be written as:
dΓ =
∑
n
dΓˆn〈O
H(n)〉, (1)
where dΓˆn is the perturbative calculable short distance coefficients (SDCs), representing
the production of a configuration of the QQ¯ intermediate state with a quantum number
n(2S+1L
[1,8]
J ). 〈O
H(n)〉 is the universal nonperturbative LDME. At LO accuracy in v, for the
Υ case, four states should be included, i.e. bb¯[3S
[1]
1 ], bb¯[
1S
[8]
0 ], bb¯[
3S
[8]
1 ], and bb¯[
3P
[8]
J ]. While in
the case of χb, we only need consider bb¯[
3S
[8]
1 ] and bb¯[
3P
[1]
J ]. All the involved processes are
listed below:
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FIG. 1: Typical Feynman diagrams for the virtual corrections to the process of H0 → bb¯[3S
[8]
1 ]+ g.
The superscript “CT” denotes the counterterms.
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FIG. 2: Typical Feynman diagrams for the real corrections to the process of H0 → bb¯[3S
[8]
1 ] + g.
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FIG. 3: Typical Feynman diagrams for the NLO∗ processes of 3S
[8]
1 , H
0 → bb¯[3S
[8]
1 ]+Q+ Q¯, where
Q = c, b. For Q = c, the first two diagrams are excluded.
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• For n =3 S
[8]
1 , up to O(α
2
s) order, we have
LO : H0 → bb¯[3S
[8]
1 ] + g,
NLO : H0 → bb¯[3S
[8]
1 ] + g (virtual),
H0 → bb¯[3S
[8]
1 ] + g + g,
H0 → bb¯[3S
[8]
1 ] + ug + u¯g (ghost),
H0 → bb¯[3S
[8]
1 ] + q + q¯,
NLO∗ : H0 → bb¯[3S
[8]
1 ] + b+ b¯,
H0 → bb¯[3S
[8]
1 ] + c+ c¯. (2)
The label “NLO∗” denotes the heavy quark-antiquark pair associated processes, which
are free of divergence.
• In the cases of n =3 S
[1]
1 ,
1 S
[8]
0 ,
3 P
[8]
J , and
3P
[1]
J , the involved channels are
H0 → bb¯[3S
[1]
1 ,
1 S
[8]
0 ,
3 P
[8]
J ,
3 P
[1]
J ] + b+ b¯,
H0 → bb¯[1S
[8]
0 ,
3 P
[8]
J ,
3 P
[1]
J ] + g + g. (3)
Typical Feynman diagrams corresponding to Eqs. (2) are presented in Figs. 1, 2, and 3.
The diagrams for H0 → bb¯[3S
[1]
1 ,
1 S
[8]
0 ,
3 P
[8]
J ,
3 P
[1]
J ] + b + b¯ are the same with the first two
diagrams of Fig. 3, and the diagrams for H0 → bb¯[1S
[8]
0 ,
3 P
[8]
J ,
3 P
[1]
J ] + g + g are the same
with the ones in the first line of Fig. 2 excluding the 3-gluon vertex diagrams.
In the following, we will briefly present the formalisms for the NLO QCD correc-
tions to H0 → bb¯[3S
[8]
1 ] + g as well as the calculations for the tree-level process of
H0 → bb¯[3P
[1]
J ,
3 P
[8]
J ]+ g+ g. The rest processes in Eq. (3) and the NLO
∗ processes are both
free of divergence, thus one can take the calculations directly according to the Feynman
rules.
A. NLO QCD corrections to H0 → bb¯[3S
[8]
1 ] + g
To the next-to-leading order in αs, the SDC of the process of H
0 → bb¯[3S
[8]
1 ]+Xlight-hadrons
reads
Γˆ = ΓˆBorn + ΓˆVirtual + ΓˆReal +O(αα
3
s), (4)
5
where
ΓˆVirtual = ΓˆLoop + ΓˆCT,
ΓˆReal = ΓˆS + ΓˆHC + ΓˆHC. (5)
ΓˆVirtual is the virtual corrections, consisting of the contributions from the one-loop diagrams
(ΓˆLoop) and the counterterms (ΓˆCT). ΓˆReal stands for the real corrections, which includes the
soft terms (ΓˆS), hard-collinear terms (ΓˆHC), and hard-noncollinear terms (ΓˆHC). To isolate
the ultraviolet (UV) and infrared (IR) divergences, we adopt the dimensional regularization
with D = 4 − 2ǫ. The on-mass-shell (OS) scheme is employed to set the renormalization
constants for the heavy quark mass (Zm), heavy quark filed (Z2), and gluon filed (Z3). The
modified minimal-subtraction (MS) scheme is used for the QCD gauge coupling (Zg). The
renormalization constants are [16],
δZOSm = −3CF
αsNǫ
4π
[
1
ǫUV
− γE + ln
4πµ2r
m2b
+
4
3
]
,
δZOS2 = −CF
αsNǫ
4π
[
1
ǫUV
+
2
ǫIR
− 3γE + 3ln
4πµ2r
m2b
+ 4
]
,
δZMS3 =
αsNǫ
4π
[
(β
′
0 − 2CA)(
1
ǫUV
−
1
ǫIR
)−
4
3
TF (
1
ǫUV
− γE + ln
4πµ2r
m2c
)
−
4
3
TF (
1
ǫUV
− γE + ln
4πµ2r
m2b
)
]
,
δZMSg = −
β0
2
αsNǫ
4π
[
1
ǫUV
− γE + ln(4π)
]
, (6)
where γE is the Euler’s constant, Nǫ = Γ[1 − ǫ]/(4πµ
2
r/(4m
2
b))
ǫ, β0 =
11
3
CA −
4
3
TFnf is the
one-loop coefficient of the β-function, and β
′
0 =
11
3
CA −
4
3
TFnlf . nf and nlf are the number
of active quark flavors and light quark flavors, respectively. In SU(3), the color factors are
given by TF =
1
2
, CF =
4
3
, and CA = 3. The two-cutoff slicing strategy is utilized to subtract
the IR divergences in ΓReal [17].
B. H0 → bb¯[3P
[1]
J ,
3 P
[8]
J ] + g + g
Taking 3P
[1]
J as an example
2, we first divide Γ
H0→bb¯[3P
[1]
J
]+g+g
into two ingredients,
dΓ
H0→bb¯[3P
[1]
J
]+g+g
= dΓˆ3P [1]
J
〈Oχb(3P
[1]
J )〉+ dΓˆ
LO
3S
[8]
1
〈Oχb(3S
[8]
1 )〉
NLO, (7)
2 Since the process of H0 → bb¯[3S
[1]
1 ] + g is forbidden, for the H
0 → bb¯[3P
[8]
J
] + g + g case, the calculation
formalism is almost the same except the color factor.
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then one can obtain
dΓˆ3P [1]
J
〈Oχb(3P
[1]
J )〉 = dΓH0→bb¯[3P [1]
J
]+g+g
− dΓˆLO
3S
[8]
1
〈Oχb(3S
[8]
1 )〉
NLO
= dΓF + dΓS − dΓˆ
LO
3S
[8]
1
〈Oχb(3S
[8]
1 )〉
NLO. (8)
dΓF (= dΓˆF 〈O
χb(3P
[1]
J )〉) is the finite term in dΓH0→bb¯[3P [1]
J
]+g+g
and dΓS is the soft part which
can be written as
dΓS = −
αs
3πm2b
usǫ
N2c − 1
N2c
dΓˆLO
3S
[8]
1
〈Oχb(3P
[1]
J )〉, (9)
where
usǫ =
1
ǫIR
+
E
|p|
ln(
E + |p|
E − |p|
) + ln(
4πµ2r
sδ2s
)− γE −
1
3
. (10)
Nc is identical to 3 for SU(3) gauge field. E and p denote the energy and 3-momentum of χb,
respectively. δs is the usual “soft cut” employed to impose an amputation on the energy of
the emitted gluon. Regarding 〈Oχb(3S
[8]
1 )〉
NLO, under the dimensional regularization scheme
as is adopted in [18], we have
〈Oχb(3S
[8]
1 )〉
NLO = −
αs
3πm2b
ucǫ
N2c − 1
N2c
〈Oχb(3P
[1]
J )〉. (11)
Then the third term in Eq. (8) can be written as
dΓˆLO
3S
[8]
1
〈Oχb(3S
[8]
1 )〉
NLO) = −
αs
3πm2b
ucǫ
N2c − 1
N2c
dΓˆLO
3S
[8]
1
〈Oχb(3P
[1]
J )〉, (12)
where, on the basis of µΛ-cutoff scheme [18], u
c
ǫ has the following form
ucǫ =
1
ǫIR
− γE −
1
3
+ ln(
4πµ2r
µ2Λ
). (13)
µΛ is the upper bound of the integrated gluon energy, rising from the renormalization of
the LDME. Substituting Eqs. (9) and (12) into Eq. (8), the soft singularities in dΓS and
dΓˆLO
3S
[8]
1
〈Oχc(3S
[8]
1 )〉
NLO cancel each other, consequently leading to
dΓˆ3P [1]
J
〈Oχb(3P
[1]
J )〉 =
[
dΓˆF +
αs
3πm2b
(ucǫ − u
s
ǫ)
N2c − 1
N2c
dΓˆLO
3S
[8]
1
]
〈Oχb(3P
[1]
J )〉 (14)
= (dΓˆF + dΓˆ
∗)〈Oχb(3P
[1]
J )〉.
The package MALT@FDC that has been adopted in several heavy quarkonium related pro-
cesses [15, 20–25] is used to deal with ΓˆVirtual, ΓˆS, and ΓˆHC. To calculate the hard-noncollinear
7
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FIG. 4: The verification of the independence on the cutoff parameters of δs,c for the SDCs of
3S
[8]
1
(the upper two diagrams) and 3P
[1,8]
0 (the lower two diagrams), respectively. The superscript “(0)”
denotes the ǫ0-order terms.
part of the real corrections, ΓˆHC, we employ the FDC [26] package. Both the cancellation of
the ǫ−2(−1)-order divergence and the independence on cutoff (δs,c) have been checked care-
fully. Taking 3S
[8]
1 and
3P
[1,8]
J (J = 0) as an example, the verification of the independence on
the cutoff parameters of δs,c is shown in Fig. 4. The J = 1, 2 cases are not presented here
since they are quite similar to the J = 0 case.
III. PHENOMENOLOGICAL RESULTS
For the numerical calculations, we take α = 1/128, mc = 1.5 GeV, mb = 4.9 GeV,
mt = 173 GeV, mW = 80.4 GeV, and mH0 = 125 GeV. The light quarks q and q¯ (q = u, d, s)
are regarded as massless. For the NLO corrections to H0 → bb¯[3S
[8]
1 ] + g and calculating
other α2s−order processes, we employ the two-loop αs running. The one-loop αs running is
adopted for the LO cases. The mixed feeddown scheme of χbJ (3P ) → Υ(nS) in Ref. [7] is
used and the value of µΛ is taken as mb, thus the CO LDMEs in Table 4 of Ref. [8] are
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chosen to achieve the numerical results. For the CS cases, 3S
[1]
1 and
3P
[1]
J , the LDMEs are
related to the radial wave functions at the origin (n,m = 1, 2, 3):
〈OΥ(nS)(3S
[1]
1 )〉
6Nc
=
1
4π
|RΥ(nS)(0)|
2, (15)
〈OχbJ (mP )(3P
[1]
J )〉
2Nc
= (2J + 1)
3
4π
|R
′
χb(mP )
(0)|2,
where |RΥ(nS)(0)|
2 and |R
′
χb(mP )
(0)|2 are taken as [19]
|RΥ(1S)(0)|
2 = 6.477 GeV3, |RΥ(2S)(0)|
2 = 3.234 GeV3, (16)
|RΥ(3S)(0)|
2 = 2.474 GeV3,
|R
′
χb(1P )
(0)|2 = 1.417 GeV5, |R
′
χb(2P )
(0)|2 = 1.653 GeV5,
|R
′
χb(3P )
(0)|2 = 1.794 GeV5.
Branching ratios of χbJ (mP ) → Υ(nS), Υ(nS) → χbJ(mP ), Υ(3S) → Υ(2S), Υ(3S) →
Υ(1S), and Υ(2S)→ Υ(1S) can be found in Refs. [6–8].
TABLE I: The SDC of 3S
[8]
1 (in units of kev/GeV
3).
µr LO NLO NLO
∗
bb¯
NLO∗cc¯ Total
2mb 8.79 × 10
−2 0.340 0.568 6.44 × 10−2 0.97
mH0 5.42 × 10
−2 0.170 0.223 2.53 × 10−2 0.42
Before presenting the phenomenological results, we first take a look at the effect of the
QCD corrections to the process of H0 → bb¯[3S
[8]
1 ] + g, presented in Table I. We see that
the newly calculated NLO terms increase the LO results by about 3-4 times, causing a 40%
enhancement on the total 3S
[8]
1 contributions (LO + NLO
∗
bb¯,cc¯). This is consistent with the
lesson we learn from Z0 decay [15]. The 3S
[8]
1 state may provide significant (even dominant)
contributions to ΓH0→Υ,χb+X , thus the newly introduced NLO ingredient is of great essence
in achieving the phenomenological conclusions.
A. χb(3P, 2P, 1P )
The NRQCD predictions on the decay width of H0 → χbJ(3P, 2P, 1P ) + X are listed
in Tables. II, III, and IV. In order to show the relative importance of different production
9
TABLE II: The decay widths of H0 → χbJ(3P ) +X (in units of ev). The superscripts “DR” and
“FD” denote the direct production processes and feeddown effects, respectively.
χbJ µr
3S
[8]
1
3P
[1]
0 |gg
3P
[1]
0 |bb¯ ΓDR Γ
Υ
FD ΓTotal Br(×10
−6)
J = 0 2mb 6.22 0.69 12.9 19.8 − 19.8 4.71
mH0 2.67 0.27 5.06 8.00 − 8.00 1.90
J = 1 2mb 18.7 0.91 14.0 33.6 − 33.6 8.00
mH0 8.03 0.36 5.49 13.9 − 13.9 3.31
J = 2 2mb 31.1 4.09 5.06 40.3 − 40.3 9.60
mH0 13.4 1.60 1.99 17.0 − 17.0 4.05
TABLE III: The decay widths of H0 → χbJ(2P ) +X (in units of ev). The superscripts “DR” and
“FD” denote the direct production processes and feeddown effects, respectively.
χbJ µr
3S
[8]
1
3P
[1]
0 |gg
3P
[1]
0 |bb¯ ΓDR Γ
Υ(3S)
FD ΓTotal Br(×10
−6)
J = 0 2mb 4.86 0.64 11.9 17.4 5.83 23.2 5.52
mH0 2.09 0.25 4.66 7.00 2.33 9.33 2.22
J = 1 2mb 14.6 0.84 12.9 28.3 12.5 40.8 9.71
mH0 6.27 0.33 5.06 11.7 4.98 16.7 3.98
J = 2 2mb 24.3 3.76 4.66 32.7 12.9 45.6 10.9
mH0 10.5 1.48 1.83 13.8 5.18 19.0 4.52
channels in a wide range of µr, we provide the predictions at µr = 2mb and µr = mH0
simultaneously. It is noticed that the branching ratios for H0 → χbJ(3P, 2P, 1P ) + X are
calculated to be on the order of 10−6− 10−5, indicating the probability of these processes to
be observed at the HE-LHC, HL-LHC, and other colliders in near future. In addition to the
direct production processes that are dominant, the feeddown effects via the higher excited
states, e.g., Υ(2S) and Υ(1S), are also significant, accounting for about 30% of the total
decay width, as is shown in Table III and Table IV. The direct productions consist of two
parts, i.e. the CS state 3P
[1]
J and the CO state
3S
[8]
1 .
• For the CS cases, the processes of H0 → bb¯[3P
[1]
J ]+b+ b¯ (“bb¯”) serve as the leading role
in the total CS prediction due to the b-quark fragmentation mechanism. However, the
light hadrons associated process H0 → bb¯[3P
[1]
J ] + g + g (“gg”) can also provide non-
10
TABLE IV: The decay widths of H0 → χbJ(1P ) +X (in units of ev). The superscripts “DR” and
“FD” denote the direct production processes and feeddown effects, respectively.
χbJ µr
3S
[8]
1
3P
[1]
0 |gg
3P
[1]
0 |bb¯ ΓDR Γ
Υ(2S)
FD ΓTotal Br(×10
−6)
J = 0 2mb 3.76 0.54 10.2 14.5 5.94 20.4 4.86
mH0 1.62 0.21 4.00 5.83 2.39 8.22 1.96
J = 1 2mb 11.3 0.72 11.1 23.1 10.8 33.9 8.07
mH0 4.85 0.28 4.34 9.47 4.33 13.8 3.29
J = 2 2mb 18.8 3.23 4.00 26.0 11.2 37.2 8.86
mH0 8.08 1.27 1.57 10.9 4.49 15.4 3.67
negligible contributions. To be specific, for 3P
[1]
0 and
3P
[1]
1 states, the contribution of
the “gg” channel enhance the “bb¯” cases by about 5% and 7%, respectively. Moreover,
for the 3P
[1]
2 case, the “gg” contribution can surprisingly reach up to about 81% of the
“bb¯” contribution. Therefore, to achieve a sound estimate, besides H0 → bb¯[3P
[1]
J ] +
b+ b¯, the contributions of H0 → bb¯[3P
[1]
J ]+g+g must be also taken into consideration.
• Regarding the CO cases, including the 3S
[8]
1 state contributions can significantly enlarge
the predicted decay width. Taking χbJ(3P ) as an example, when µr = 2mb, the
3S
[8]
1
contributions account for about 31%, 56%, and 77% of ΓDR, corresponding to J = 0, 1,
and 2, respectively. As for the χb(2P ) and χb(1P ) cases, the proportions are about
28%, 52%, 74% and 26%, 49%, 72%, respectively.
TABLE V: The ratios of Γχb2/Γχb0 and Γχb2/Γχb1 . “CS” denotes the sum of the CS direct (
3P
[1]
J )
and feeddown (3S
[1]
1 ) contributions , while “NR” means the NRQCD results including both CS and
CO contributions. µr is varied in [2mb,mH0 ].
Γχb2
Γχb0
|3P
Γχb2
Γχb1
|3P
Γχb2
Γχb0
|2P
Γχb2
Γχb1
|2P
Γχb2
Γχb0
|1P
Γχb2
Γχb1
|1P
CS 0.674 0.613 1.097 0.794 1.029 0.786
NR 2.035 ∼ 2.125 1.199 ∼ 1.223 1.966 ∼ 2.036 1.118 ∼ 1.138 1.824 ∼ 1.873 1.097 ∼ 1.116
In addition to the large contributions to the total decay width, the 3S
[8]
1 state also has
crucial effect on the ratios of Γχb2/Γχb0 and Γχb2/Γχb1 , as shown in Table V, where the
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feeddown effects have been incorporated. Since the dependence of the CS channels, “gg”
and “bb¯”, on µr is only in the strong coupling constants αs, varying µr of course does not
affect the ratios. However, for the CO cases, due to the NLO corrections toH0 → bb¯[3S
[8]
1 ]+g,
the form of the dependence on µr is not only αs. Although varying µr in [2mb, mH0 ] greatly
influence the total decay widths, the ratios of Γχb2/Γχb0 and Γχb2/Γχb1 are quite insensitive to
the choice of µr. Taking
Γχb2
Γχb0
|3P for example, when µr is varied from 2mb (9.8 GeV) to mH0
(125 GeV), the ratios just increase by about 4%. In addition, the differences between the
CS and NRQCD results are rather conspicuous, which can be regarded as an outstanding
probe to distinguish between the two heavy quarkonium production mechanism.
B. Υ(3S, 2S, 1S)
TABLE VI: The decay widths of H0 → Υ(3S) +X (in units of ev). The superscripts “DR” and
“FD” denote the direct production processes and feeddown effects, respectively.
µr
3S
[8]
1
1S
[8]
0
3P
[8]
J
3S
[1]
1 ΓDR Γ
χb(3P )
FD Γ
Υ
FD ΓTotal Br(×10
−5)
2mb 14.8 −3.29 × 10
−2 −1.69 × 10−2 77.1 91.9 6.96 − 98.9 2.35
mH0 6.35 −1.29 × 10
−2 −6.62 × 10−3 30.3 36.6 2.89 − 39.5 0.94
TABLE VII: The decay widths of H0 → Υ(2S) +X (in units of ev). The superscripts “DR” and
“FD” denote the direct production processes and feeddown effects, respectively.
µr
3S
[8]
1
1S
[8]
0
3P
[8]
J
3S
[1]
1 ΓDR Γ
χb(2,3P )
FD Γ
Υ(3S)
FD ΓTotal Br(×10
−5)
2mb 28.6 −0.11 0.47 101 130 16.1 10.5 157 3.74
mH0 12.3 −4.23× 10
−2 0.19 39.6 52.1 6.60 4.19 62.9 1.50
TABLE VIII: The decay widths of H0 → Υ(1S) +X (in units of ev). The superscripts “DR” and
“FD” denote the direct production processes and feeddown effects, respectively.
µr
3S
[8]
1
1S
[8]
0
3P
[8]
J
3S
[1]
1 ΓDR Γ
χb(1,2,3P )
FD Γ
Υ(2,3S)
FD ΓTotal Br(×10
−5)
2mb 4.57 2.12 −0.83 202 208 27.3 48.0 283 6.74
mH0 1.96 0.83 −0.32 79.3 81.8 12.1 19.3 113 2.69
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The NRQCD predictions on the decay width of H0 → Υ(3S, 2S, 1S) +X are presented
in Tables. VI, VII, and VIII, respectively. In these tables, one would see that the branching
ratios of the inclusive productions of Υ(3S, 2S, 1S) via H0 decay are about 10−5 − 10−4,
indicating the potential to be detected at the high energy collider. ForH0 → Υ(3S, 2S, 1S)+
X , the feeddown contributions from the higher excited states are remarkable, accounting for
about 7%, 17%, and 27% of the total decay widths of Υ(3S), Υ(2S), and Υ(1S), respectively.
Regarding the direct productions, the main contributions come from the CS state, 3S
[1]
1 ,
via the heavy-quark pair associated process. The CO states can also provide considerable
contributions, which account for about 16%, 22%, and 3% on ΓDR of Υ(3S), Υ(2S), and
Υ(1S), respectively.
In addition to the total decay width, we also calculate the ratios of ΓΥ(2S)/ΓΥ(3S) and
ΓΥ(1S)/ΓΥ(3S). By varying µr in [2mb, mH0 ], we have
CS : ΓΥ(2S)/ΓΥ(3S) = 1.471,
ΓΥ(1S)/ΓΥ(3S) = 3.170,
NR : ΓΥ(2S)/ΓΥ(3S) = 1.587 ∼ 1.592,
ΓΥ(1S)/ΓΥ(3S) = 2.861 ∼ 2.862, (17)
where “CS” denotes the sum of the CS direct (3P
[1]
J ) and feeddown (
3S
[1]
1 ) contributions ,
while “NR” is the total results including both CS and CO contributions. The difference
between the CS and NRQCD predictions reflects that the CO influence on ΓΥ(2S)/ΓΥ(3S)
and ΓΥ(1S)/ΓΥ(3S) is moderate.
Finally, to serve as a useful reference, we analyze the uncertainties of the predictions due
to the choices of the renormalization scale µr, Higgs mass mH0 , the bottom quark mass mb,
and the CO LDMEs.
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• For Bχb(3P,2P,1P )(×10
−6)
BH0→χb0(3P )+X = 2.34
+0.61+0.03+0.25+0.14
−0.43−0.03−0.22−0.14,
BH0→χb1(3P )+X = 4.03
+1.02+0.06+0.39+0.41
−0.69−0.06−0.33−0.41,
BH0→χb2(3P )+X = 4.90
+1.21+0.07+0.37+0.68
−0.86−0.07−0.32−0.68,
BH0→χb0(2P )+X = 2.73
+0.71+0.04+0.27+0.12
−0.51−0.04−0.23−0.12,
BH0→χb1(2P )+X = 4.85
+1.25+0.07+0.42+0.33
−0.89−0.07−0.37−0.33,
BH0→χb2(2P )+X = 5.50
+1.38+0.08+0.39+0.50
−0.99−0.08−0.34−0.50,
BH0→χb0(1P )+X = 2.40
+0.63+0.03+0.23+0.06
−0.45−0.03−0.20−0.06,
BH0→χb1(1P )+X = 4.02
+1.03+0.06+0.35+0.14
−0.74−0.06−0.31−0.14,
BH0→χb2(1P )+X = 4.47
+1.13+0.06+0.32+0.20
−0.80−0.06−0.28−0.20. (18)
• And for BΥ(3S,2S,1S)(×10
−5)
BH0→Υ(3S)+X = 1.16
+0.31+0.02+0.07+0.06
−0.22−0.02−0.06−0.06,
BH0→Υ(2S)+X = 1.84
+0.48+0.03+0.11+0.09
−0.34−0.03−0.10−0.09,
BH0→Υ(1S)+X = 3.32
+0.89+0.05+0.20+0.11
−0.63−0.05−0.18−0.11, (19)
where the four columns are the uncertainties caused by µr, mH0 , mb, and the CO LDMEs,
respectively. The center values in Eqs. (18) and (19) are calculated at mH0 = 125 GeV,
mb = 4.9 GeV, and µr = mH0/2, with the LDMEs taken as the center values in Table 4
of Ref. [8]. To estimate the uncertainty, we vary mH0 in [123, 127] GeV, mb in [4.7, 5.1]
GeV, µr in [mH0/4, mH0] with mH0 = 125 GeV, and the LDMEs from the upper limit to
the lower limit, respectively. The numerical results show that the ambiguities of µr, mb,
and the LDMEs are responsible for the main uncertainties, while varying mH0 only slightly
influence the predictions on the total decay widths.
IV. SUMMARY
In this paper, we used NRQCD factorization to investigate the inclusive productions of the
Υ(1S, 2S, 3S) and χb(1P, 2P, 3P ) via the Standard Model Higgs boson decay up to O(αα
2
s)
order. It is found that the CO states, especially 3S
[8]
1 , provide remarkable contributions,
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leading to vital effect on the predictions on the total decay widths. The newly calculated
NLO QCD corrections to the lowest order process of 3S
[8]
1 ,H
0 → bb¯[3S
[8]
1 ]+g, can significantly
(3-4 times) enhance the LO results, subsequently enlarging the total 3S
[8]
1 contributions by
about 40%. In addition to the crucial effect on the total decay widths of Υ(nS) and χb(nP ),
including the CO states also influence the ratios of
Γχb2
Γχb0
and
Γχb2
Γχb1
a lot. Regarding the
3P
[1]
J state, besides the dominant H
0 → bb¯[3P
[1]
J ] + b + b¯ process, the newly introduced
light hadrons associated process, H0 → bb¯[3P
[1]
J ] + g + g, can also provide non-negligible
contributions, especially for J = 2. The feeddown contributions via the decay of the higher
excited states are found to be substantial, significantly influencing the NRQCD predictions.
In the end, the branching ratios of H0 → Υ(nS) +X and H0 → χb(nP ) +X are predicted
to be on the order of 10−5 − 10−4 and 10−6 − 10−5, reflecting the great potential of these
processes to be detected at high energy colliders. As a conclusion, the decay of Higgs boson
into Υ(nS) and χb(nP ) can be considered as an ideal laboratory not only to study the
heavy quarkonium production mechanism, but also to understand the electroweak breaking
mechanism especially the Yukawa couplings.
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